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A large number of papers have been devoted to the problem of orbit evolution for artificia
earth satellites subject to aerodynamic forces. The perturbation of satellite motion by the
atmosphere is quite complex in character and significantly complicates the investigation

of the problem. The basic difficulty is that the action of the atmosphere leads to a slow
evolution of the satellite orbit and the numerical integration of the exact equations of mo-
tion therefore consumes a large amount of machine time. There thus appears to be a need
for either approximate analytical solutions or approximate algorithms for the numerical eva-
luation of the problem.

A special two-cycle integration method has been proposed for the numerical integration
of the satellite’s equations of motion [1, 2]. The analytic investigation of the problem can
be found in the references [3-5]. A similar review of foreign work on this subject is given

in [6] .

A number of problems of the motion of a satellite subject to aerodynamic forces and
moments is solved in the present paper using the method of averaging [7,8] and the small
parameter method. The averaging method is utilized in the form developed by V.M. Volosov
[8] for systems with a rapidly rotating phase. The possible application of this method in
the solution of problems of satellite dynamics was pointed out by N.N. Moiseev in [9].

Averaging of the equations of motion was carried out using the Laplace method [10],
which eliminated the cumbersome computations involved in the usually applied expansions
of the averaging functions in series in the eccentricity or Fourier series and enabled a
number of different problems connected with the motion of the satellite and its mass center
in orbits of high eccentricity to be solved uniquely. A number of new formulas are obtained
for determining satellite lifetime. Certain possible trajectories of an aerodynamically

469



470 {u. G. Evtushenko

controlled satellite are considered. A planar relative motion under the action of a small
restoring aerodynamic moment is investigated.

1. Let us write the equations of satellite motion in osculating elements neglecting the

non-central gravitational field of the earth and rotation of the atmosphere.
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Here p is the focal parameter of the osculating conical section, ¢ is the eccentricity,
0 is the angular location of the line of apsides, § is the true anomaly, p is the density of
the atmosphere, C, (a), Cy (a) are the drag and lift aerodynamic coefficients dependent
on the angle of attack @, S is the characteristic area of the satellite (for example, the mid-

section), and m is its mass.

The velocity v and the radius r are determined from the formulas for Keplerian motion

vzl/_;_]/1—}—26cosﬁ+ez, "=TTE%3§'{T 1.2

We assume that the density varies exponentially

rn—r

= p,0° (1.3)

P = p; €xp

Here p, is the density at some characteristic braking altitude r,, and H is the height

of the homogeneous atmosphere.

The atmospheric resistance will be considered to be small. Let us therefore take as

the small parameter the quantity

e = p,rS /2m (1.4)
which is equal to the aerodynamic overlead at the height r, for e = 0 and C: + C; =1.

Let us introduce a new focal parameter and nondimensional perigee height

p° = prit, r.’ = rﬂ-rl‘l.We must change the independent variable T = t]/‘Irl"“/z.
The upper zero index for nondimensional quantities will be omitted in the following. As a
result of these transformations the system (1.1) is reduced to the standard form of a sys-

tem with rapidly rotating phase

eC,, (@) sin &

d _ 3 o
%z——Zapr [Cx(cx)—i— 1+Mosﬂ]]/1—}—Zecosﬁ—{—e" (1.5)
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de ep (e2—1)C, (a)sin® _ -
de — _—;[2(e+cosﬁ) Colo) + s ]V1 T 2ecos® L &
(1.6)
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Letting € =0, equations (1.5) -(1.8) yield the equation of unperturbed motion
%{:— == (}—i—e;(/‘:)i?—)—“ (p = const, e = const) (1.9)

p

Integrating, we find

1;

T— 7Ty, = (1—5—(3—2—)!/2[2 arc tan(1 - P) ﬂtan i — M] (1.10)

14+ e 2 1+ ecosd

For e <1 the unperturbed motion is periodic with a period in T equal to
T =2np"(1 — e " (1.11)

In order to construct the first approximation we average the right-hand parts of the
system (1.5)-(1.7) in 7 over a period of the unperturbed motion T. The solution of the
equations so derived for slowly varying variables p, e, o will approximate to the exact

solution of the system (1.5)-(1.8) with an error ~ € in an interval of change 7~ ¢-1,The sol-

ution (1.10) for arapidly varying variable 7 has an error ~, 1 inthe same interval of change of 7.

For orbits with large eccentricity the system (1.5)-(1.8) can be averaged using the
Laplace method [10].

For example, let us evaluate the integral

T
& p V1T ¥ 2ecos® + etdr
0 (1.12)

1
T Tpa(l —e)”?

The function p () will be given in the form

N Ap(cos & —1) ery rn{i+e—p)
p_pzexp (m (L: T, pz = exp _TI_(T-{-T;)_-) (1-13)

The true anomaly @ is taken as the variable of integration. Then utilizing (1.9) and
(1.10) we get
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2n

1 V14 2ecos® -+ e Ap (cos & —1) (1.14)
S ( Fecos0p  °XP [(1 16y (1 +ecos ﬁ)] aé

If the orbit eccentricity is sufficiently large (e > 0.1), then A>> 1. The nondimensional

coefficient A can be a large positive parameter, (For orbits with the elements e = 0.2,
pry=17842 km, and H = 20 km we have A = 65.32).

1 4 3e? 5/,
(1+ 8\p )+0(7" ) (1.15)

The remaining integrals of the system (1.5) -(1.7) are computed analogously. Then for

the case a = const we get

2eC_py (1 — et
ap 2Ol 13 (1.16)
dv Vo \" ' Bap
de 26C,pa (1 - e) (1 —et)* 362 —4e 3
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s £+ —ez)’/’( q ) )
dT T T pe Vomh 8Ap (1.18)

The right-hand parts of the equations (1.16) -(1.18) exclude terms of the order £p,4 ™
To an accuracy of terms of the order szl,-% the equation for the nondimensional height
of the perigee is obtained as

dr, . 8PZCx(1—82)'/’( H )’/=( +31—4e—e’>

dr Ap 2nery 8Ap (1.19)

It follows from (1.19) that if in the system (1.16) -(1.18) terms of order epz)f%, are

excluded, the equations will describe the motion of a satellite with constant perigee height,

Taking eccentricity as the independent variable we get from the equations (1.16)-{1.19)

dra H 3 —4e—3e?

de — 2 (1t e (1 +H be (11 e)rnrl) (1.20
i _ C, H
78 2¢C, (1 + m) (1.21)

The system (1.20) and (1.21) contains the small parameter A = H/r, and therefore its
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solution can be found by the small parameter method. The solution of (1.20) is sought in

the form of the series
r,;=7‘nc+h§+h2’l]+---- (1.22)

Substituting (1.22) into (1.20), expanding the right-hand side of the equation in a
series in powers of A and equating the coefficients of like powers of A to determine the
functions f. 1} we obtain the system

dg 1 an
de

_ 3—4e—3e?
de  2e(1+¢)

B tepr,,

the solution of which yields the law of variation of the nondimensional height of the nerigee

. bk e(d+e) h? 1+e)e 3+ Teo 34 T7e
rn=Ta+ g It + 8, [101n(1+e0)e talte e(1+e)](1°23)

Solving (1.21) by analogous means we get

c e hC, ~ (1+e)e
G =Gy + —2-—;;ln —_ + zrﬂocx ln (1 +e)eo . (1-24)

€o
The zero index in (1.23) and (1.24) indicates that the value of the functions is given
at the initial instant of motion. From {1.23) and (1.24) we find

o= po[ G2 T?[1 — o (tom e o ST )] s

TFe)e 8r,. (T¥e)e Te(l+e) edte

where p, is the density at height LA referred to the density at the characteristic height r,.

Substituting (1.25) into (1.16) -(1.18), the averaged system will be evaluated with an
error ~ A", Its solution will approximate to the exact solution of (1.1) in the interval
T ~ &-! with an error of the order max [e, A *].

The calculation of the duration of motion is reduced to the quadrature

/s
T=1o+ 23;"" (z:: 1+ 80)) [AF (e0) — AF () + .i%] (1.26)

x hC()

where
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If terms of order 4? are neglected in (1.23) and terms of order ¢-1)/ h,are neglected in
(1.26), we find the formulas found by P.E. El'iasberg [4]

h (1 +e)e
7‘,‘=rﬂ°+—2-11'1 m
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T, 2 (1 2
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Let us review certain results of calculations based on the approximate formulas (1.23)
and (1.26). The initial elements of the satellite orbit are e, = 0.4, rip = 9142 km, and the
height of the homogeneous atmosphere H = 20 km. The characteristic drag height is as-
sumed as 7, = 6520 km. The aerodynamic characteristics of the satellite are as follows:

Cx =1, Cy =0, and € =0.001.

From the integration of the exact equations of motion it was determined that after 530
revolutions around the earth, the loss of perigee height and the eccentricity of the satellite
are ry (rﬂo - r") = 13.120 km, e = 0.084685, and the duration of motion ¢ = 1256.695 hrs.
From the approximate formulas (1.23) and (1.26) for e = 0.084685 we have r, (’ﬂo —r,) =
13.094 km, and ¢t = 1256.708 hrs. In this example the satellite evolution is calculated with
great accuracy since here over a large segment of the trajectory the quantity A" s of

order €. Consequently, the solution of the approximate system has an error ~, €.

We have assumed an isothermal model of the atmosphere. In practice, for the earth’s
atmosphere the increase in the drag height reduces the height H of the homogeneous atmos-
phere. This effect can be taken into account by interpolation of the function H (r) and ap-
plication of the above method of calculation. The motion of the satellite is affected by a
number of factors not yet mentioned: the nonsphericity of the earth, lunar and solar perturb-
ations, etc. All these effects can be represented as an additional small perturbation in the

system (1.5) -(1.8) and by application the averaging method.

2. Let us consider the aerodynamic control of the satellite for which the perigee height
increases. Such motion can be obtained if at the instant of perigee passage the angle of

attack reverses sign, and

=<0 for 0 <O <a
(@ = { C; >0 for n<CH< 2n 2.1
Let us substitute the control (2.1) into the system (1.5) -(1.8). The averaged system is
of the form
de eps (1 4 &) (1 — et 2(1 — e C ( £pa
-5 = - u— I yse———a— 0 ey
dv p Vzn}» 2Cx + V_zn}"p A (2.2)

%’tz____ 2%1/2_%;22/_ [% - 01(1 + %) (5%;)/] + 0 (i‘,’/’ ) (2.3)

gt =0 (2.4)

It follows from (2.3) that the perigee height will increase only if the lift coefficient is
sufficiently large
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ou= 1oy (12

If the condition (2.5) is fulfilled then the action of the lift force is sufficient to count«
eract the decrease of perigee height due to drag. With increase in orbit eccentricity, the
value of C_, necessary to increase the perigee height, decreases. The control (2.1) does
not alter the location of the line of apsides. From (2.2) and (2.3) we have to within an ac-
curacy of terms ~ A

dr,  Cy hr )'/z hanz 4+ (1 —e) G2
Ze  Ci\Zmed T o 2ne (1 1 ¢) C,2 (2.6)

The solution is sought in the form of a series in the small parameter h; from (2.2) and
(2.6) we get

ar 20, (L)/ Vite+ Ve 4 31 e +e) .

T T T, Vitest Ve e (1 + ¢ 2.7)
+ gt | 0 (VTF et Vo) — VT T et Ve —

Vi+e+ Ve I ne(1+eo)2]

Vi—}—e,—i—- Ve—o eg (1 + €)?

—2ln(VIiF o+ Ve In

—ap:gx ( 2 )‘/25) (1\_‘_/‘:2)-/,(11/1—121 “;Z_E ) (p g (Zr ) ’) (2.8)

The control (2.1) allows for a drastic change in the satellite lifetime and its orbital
elements. We will present some results of calculations. Figure 1 gives the dependence of
the satellite time of motion on its orbital eccentricity for the motion with the control (2.1)

(curve 1) and the control
for

Cy (@) = { —giz ?) for 22 gzgn (2.9)
{curve 2) as well as for the ballistic (uncontrolled) motion (curve 3). Figure 2 shows how
the orbital perigee height varies in these cases. The initial conditions were the same as in
the previous example; and it was also assumed that Cx = lC I = 1. The control (2.9) leads
to a lowering of the perigee height and a decrease in the lifetime of the satellite. If for the
case of uncontrolled motion the entire duration was 52.3 days, then in the case of (2.9) the
satellite existed less than 21 days. By varying the eccentricity from 0.4 to 0.2 the duration
of motion with the control (2.1) is 120 days, the perigee height increased by more than 40 km
with the result that the satellite attained the orbit where the maximum aerodynamic resist-
ance is more than 10 times less than that in the orbit of an uncontrolled satellite. The ap-
proximate formulas (2.7) and (2.8) agree well with the calculation results.

3. Let us consider the satellite motion under the action of an aerodynamic force dir-

ected perpendicularly to the orbit plane. For simplicity of calculation we will assume
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Cy = 0. To the system (1.5) -(1.8) we add the equations for the new osculating elements

di  epCpcosu (1 + 2ecos & + ¢?)

dt Vp( + ecos®)
d_9=ean sinu (1 + 2ecos ¥ + €2 3.1)
arv Vp( + ecos®)sini
do do dQ

E—{=E—cosid—%—

Here i is the orbit inclination, (] is the longitude of the ascending node, w is the angle
between the line of apsides and the ascending node, u = # + @ is the argument of the lati-
tude, and C,, is the coefficient of the lateral aerodynamic force. We will compute the sys-
tem of first approximation for (3.1) to within an accuracy of terms of the order of ~ eA™’*

di _ ep; cosCyp (1 — e2)e [1 n 3e2 — 8¢ — d]

dt p V2nh 8hp
dQ  epysineC, (1 — )’ [ 3e2 — 8¢ — 3] do cos dQ (3.2)
dt psini V2mA 8hp ’ dt — Yt
The first integrals of the system (3.2) are
. __sin ig sin g
sino = sin ¢
Q i B0 ave sin £0% B
B — B = are s e s 0y Vi—sinfjpsinto, (.
. €os i azc sin cOos iy _ *
AC SN T — sin® i, Sim 0y VT — sind i, 51 0,

Cn 1+e h (e — €)
AL e 2rm i+ &) (1 F eo)]

The time of flight is determined by (1.24). The system (3.2) has a particular solution



Motion of artificial earth satellites 477

_ Cal A B leo — o)
‘D=Q=Ov i—lﬂz_ﬁ[lnl-‘f—eo_i- 2rno(1+e)(1+eo)] (3.4)

The solution (3.4) describes the basic effect of the lateral force on orbits with large
eccentricity : the plane of the orbit rotates about the fixed line of apsides. This result has
a simple physical explanation: basic braking occurs at the perigee on highly elongated
orbits where the velocity vector is perpendicular to the radius vector of the satellite. The
lateral aerodynamic force directed normally to the instantaneous plane of the motion rotates
the velocity vector in a plane perpendicular to the radius vector and therefore the line of

apsides remains unchanged.

No particular difficulties are encountered in considering more complex manoeuvres of

the satellite such as the rotation of the earth’s atmosphere.

4. Let us consider the solution of the problem of planar relative motion of the satellite
in orbits with high eccentricity, The restoring moment will be assumed small. In this case,
the relative motion will be close to a uniform rotation. The analogous problem of the rela~
tive motion of the satellite under the action of a small gravitational moment was solved in
[11, 12]. The motions close to uniform rotation for a general second order equation were
studied by N.N. Moiseev [13]. The motion of the satellite under the action of aerodynamic

forces has a number of peculiarities connected with the evolution of the mass center orbit.

We express the equations of motion relative to the mass center as

2 2
P 4+ X0 sina (1 4 2ecos® + €2) =0
de? P (4.1)
rimfF VS .
%2 =gh, b=-_""T2 fJ , f=signF
Here J is the cross-sectional moment of inertia, ¢ the angle between the axis of aero-
dynamic symmetry and a certain fixed direction, and F the coefficient of the restoring mo-

ment.

The angle of attack a is expressed through the angles g, &, and 8 according to the
formula
cos(c— @+ ¥)+ecos(sc—q)
Vig 2ecos® + e (4.2)

o = arc sin

The dependence of the aerodynamic drag coefficient on the angle of attack is approxi-

mated by the formula

C,=C, — Cycos 20 (Cr,>C1>0)
Let us introduce a new variable z by the relation

dp /dtv = Q + %z (4.3)

where () is a constant.
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Then from (4.1) and (4.3) a system equivalent to the equation (4.1) is obtained
‘_11=_“_"’sina(1+2ecosﬁ+e2), %:Q—i—xz (4.4)
dv p
The system (1.5)-(1.8) and (4.4) describes the relative motion of the satellite and the
motion of its mass center. We will estimate the order of magnitude for the quantities in this
system. The magnitude of the restoring moment depends on the design parameters of the
satellite and the characteristic drag height r,. If 5/2w = 0.0154 m*/kg sec’, b=C_=1,
then at an altitude of 150 km above the earth’s surface € = 10™% and x = 107%; at
600 km altitude € = 2.3 x 102 and k = 4.8 x 10~5. If the b coefficient is large, say
b = 10% then at an altitude of 150 and 600 km the quantity x is of the order of 10 and 102

respectively.

Let us first consider the case when

w1, g~ %? (4.5)
This condition is satisfied if the b coefficient is sufficiently small.

We will use the term “resonance” whenever the frequency of relative motion () and
the frequency of orbital motion @ are commensurable. It will be shown below that under
the condition (4.5) in the non-resonance case in the first approximation in «, it is possible
to consider the relative motion neglecting the measurement of the orbital elements because
of the atmospheric action. In the resonance case such a separation is not permissible: the

evolution of the orbital motion substantially alters the character of the relative motion.

The system of equations in the first approximation for (4.4) will be ontained by aver-
aging the right-hand parts over 7. In the non-resonance case the averaging can be carried
out in two independent stages: over ¢ and over §. The averaging of the first equation of
(4.4) yields a zero; in the first approximation the relative motion is a rotation with a const-
ant angular velocity. The aerodynamic moment does not affect the relative motion of the

satellite.

We will investigate the resonance case. It is assumed that the difference () — nws ™!

is a small quantity of order k where n and s are mutually simple natural numbers. Let us
introduce new variables g and the phase y

s

g =72 —Q), r=¢—2"

k]

Here M is the mean anomaly. Within the accuracy of terms of order x the mean anomaly

satisfies the equation
dM /dt = o (4.6)

After a number of transformations and neglecting terms of order x?, a standard system
follows from the equations (1.5), (1.6), (4.4) and (4.6)
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. d
ﬁ:—”—pf—s1na(1+2ecosﬁ+ez), 71=u(2—q)
ar P * 4.7)
d 3x%pC Q 3, dM s sq
g x ('1-%—*-2”005"3*%62) ’ T=_Yl—+ 9’-’_"‘

T

The dependence of M (f) is found from the Keplerian equations of motion. In the sys-
tem (4.7) z, g and y are slowly varying functions, and ¥ is rapidly varying. We will aver-
age by the Laplace method the right-hand parts of the system (4.7) over the period of fast
motion equal to 27s in the variable M. The solution of the averaged system will approxi-
mate to the exact solution of (4.7) with an error ~. x in the interval 7~ "1 In the

case s = 1, 2 the averaged system will be

dz %xof (1 +e) [t —(— 1)°] — aM s %,
&= 2 Vo cos(e—1), =72+ 3¢
dg _ 3Qo (1+4e)f p \h - dy _ .y 48)
ol W(m) [Cx,— Cic0s (26 —27)], aT =%(z2—q)
From (4.8) we find the equation for the angle y
_dﬁ I2Qw (1 + €) (_p_)'/’ %
dv? b(1—e) 2 (4.9)
8 — —
X [Cxo—— Cycos (26 — 27) + il —(= 1)('}g§1]/_e) cos (5 — 1) ] =0
p
Analogously for the case s > 2 we have
@y | e +e0, (L)V’ -0 (4.10)
vt T—e)b 2000,

The equations (4.9) and (4.10), describe the satellite motion relative to the angle

Mn/s. From the system (4.8) we find the expression for the perturbation of the mean anomaly

Tt/ (4.11)
, Q 3u2e? (1 Vape .
M=+ 5% 4 %‘H(zﬁ_) SS [Ce— C1 c0s (26— 27)] dv dv' -+ O(x)

00
Substituting into (4.11) the functions y (T) which are the solutions of the equations

(4.9) and (4.10) we will determine how the mean anomaly of orbital motion varies with the
relative motion of the satellite. In the given approximation the perturbation of the mean

anomaly is the only perturbation of the Keplerian motion.

In the case of the main resonance (s = n = 1) we get from (4.9) the equation for the

determination of the stationary resonance regimes

bf (1 —
€., — Cy cos (20 — 2y) + Cycos (6 —y) =0 (c,=i3€gﬁ%>_) (4.12)
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Solutions ot the equations {4.12) correspond to the values of the angle y for which
the angle bet..cen the axie of aerodynamic symmetry and mean anomaly remains constant.
Such regimes are possible if the modulus of the aerodynamic moment is sufficiently large.

The stationary 1egimes

(4 J/Cat +-8C1(C,, ~ ()
€05 (35— 7o) = T

4
exist if (', — C, -t C,. In order to establish stability of the stationary regimes we
construct the equation in variations. Its characteristic equation will be

)1”2 [Cy sin (0 — ) — 2C, sin (20 — 2y9)] =0 (4.13)

3n2Q2 (1 - e)( §4
2nh

T

If the roots of (4.13) are real, then the stationary regimes are unstable. On the phase
plane (y, dy/dT) they correspond to singular saddle type points. If the roots of (4.13) are
purely imaginary, the stationary regimes have focus characteristics. For s 3.2 there are no
stationary regimes. For sufficiently large values of the b coefficient and the height r;, the
condition € ~, 0 (k*) is satisfied. In this case the first approximation may neglect the per-
turbation of the satellite mass center motion. The equation of relative motion (4.9) is
simplified.

a? wwf (1 +e
T

cos(s—1) =0 (4.14)

Resonance regimes are possible for s = 1 and any n. The equation (4.14) describes
the rotational or oscillatory motions relative to the angle Mn. Stationary regimes
y=0+0.577 and y = ¢ + 1.577 correspond to the uniform rotation of the satellite whereby
the axis of aerodynamic symmetry is perpendicular to the line of apsides at the instant of
perigee passage. The regime y =0 + 0.577 is stable if the satellite is statically unstable
(f <0). The regime y = o + 1.577 is stable for f> 0.

The terms of order ®A~"t were neglected in the averaged system (4.8). A more accurate
computation of the right-hand parts in (4.8) is equivalent to the refinement of the coeffici-

ents Cxo' C, and C,; qualitatively the character of the relative motion is not altered.

In conclusion, the author takes the opportunity to thank N.N. Moiseev for valuable
advice and discussions.
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